It is important to study the behavior of a t-error correcting quantum code when the number of errors is greater than t, because it is likely that there are also small errors besides t large correctable errors. We give a lower bound for the fidelity of a t-error correcting stabilizer code over a general memoryless channel, allowing more than t errors.
Introduction
In the study of the quantum error-correcting codes, it is usually assumed that only a small number of qubits are affected and the rest of qubits are left unchanged. However, it is important to study the behavior of a t-error correcting quantum code when the number of errors is greater than t, because it is likely that there are also small errors besides t large correctable errors. It has been informally argued in [3, Section VI] that those small errors do not result in a large error in the recovered quantum state. The first rigorous analysis was done by Knill and Laflamme [7, Section 5.4] , in which they assumed that the channel was memoryless, that is, each qubit interacts with different environment, and there was a scalar multiple of the identity operator in an operator sum representation of the channel superoperator. That analysis was carried out on a restricted class of memoryless channels, and an analysis on a general memoryless channel is yet to be done.
In this paper we assume that a unitary representation of the channel superoperator has large identity component (Assumption 2), and we give a lower bound for the average of the fidelity between the original state and the recovered state without using any approximation, where the average is taken over the measurement outcome in the error correction process. Our estimation is restricted to the stabilizer quantum codes introduced in [1, 2, 4] , which include almost all good quantum codes discovered so far. This paper is organized as follows: In Section 2 we introduce notations used in this paper, and review the stabilizer quantum codes and their error correction process. In Section 3 we give a lower bound for the fidelity.
Preliminaries

Notations
Let H be a Hilbert space. We denote by S(H) the set of density operators on H. For a density operator ρ on H and a state vector |ψ ∈ H, the fidelity [6] between them is defined by
It measures how close |ψ and ρ are.
In this paper we always consider t-error correcting [[n, k]] binary quantum codes. Let H 2 be the Hilbert space of dimension 2. Let Γ be a superoperator on H 2 , that is, a trace-preserving completely positive linear map from S(H 2 ) to S(H 2 ). We assume that the channel is represented by Γ, which means that when we send a density operator ρ ∈ S(H 2 ) through the channel we get Γ(ρ) ∈ S(H 2 ) at the receiving end. The channel considered in this paper is assumed to be memoryless. So when we send a state ρ ∈ S(H ⊗n 2 ) we get Γ ⊗n (ρ). We shall review the unitary representation of a superoperator [8] . A simplified proof can be found in [9, Appendix] . Let Γ be a superoperator on a Hilbert space H. Then there exist a Hilbert space H E , a state vector |0 E ∈ H E , and a unitary operator U on H ⊗ H E such that
for all ρ ∈ S(H), where Tr E is the partial trace over H E . That is called a unitary representation of Γ.
Stabilizer quantum codes
In this subsection we review the method of quantum error correction proposed in [1, 2, 4] . Let
The set E is a noncommutative group with matrix multiplication as its group operation. Let 
We shall describe the error correction procedure. Let H env be the Hilbert space representing the environment around the channel. Suppose that we send a pure state |ϕ ∈ Q, and the environment is initially in a pure state |0 env ∈ H env . Suppose also that we receive an entangled state |ψ ∈ H ⊗n 2 ⊗ H env . We measure an observable of H ⊗n 2 whose eigenspaces are the same as those of S. Then the state |ψ is projected to
We will define the weight of an operator M ∈ E for error correction. Let The number d ′ is called the minimum distance of Q. The code Q is said to be pure if d ′ = d and impure if d ′ > d. We define t and t ′ by t = ⌊(d − 1)/2⌋ and t ′ = ⌊(d ′ − 1)/2⌋. There are many operators M ∈ E such that M Q = Q ′ . Let M be an operator whose weight is minimum among them. Note that if the weight of M is greater than t then there may be another operator M ′ such that w(M ′ ) = w(M ) and M ′ Q = Q ′ . We guess that the original pure state is (M −1 ⊗ I env )|ψ ′ , where I env is the identity operator on H env .
If the number of errors ≤ t ′ , then |ψ ′ is the tensor product of |ϕ ′ ∈ Q ′ and some pure state in H env , and M −1 |ϕ ′ = |ϕ . However, we do not make such assumption, and we shall analyze the closeness (fidelity) between |ϕ and M −1 Tr Henv (|ψ ′ ψ ′ |)(M −1 ) * .
We shall use the following fact later.
. This contradicts to the definition of d.
Lower bound for the fidelity
In this section we consider the fidelity between the original state and recovered state. Let Γ be the channel superoperator of H 2 as in Section 2.1. Since I, σ x , σ z and σ x σ z form a basis of linear operators on H 2 , in a unitary representation of Γ we can write U in Eq. (1) as
where L i,j is a linear operator on a Hilbert space H E . Let |0 E be the initial state of H E .
for all (i, j) = (0, 1), (1, 0), (1, 1) , where · denotes the norm of a vector ·.
Hereafter we denote H ⊗n E by H env and |0 E ⊗ · · · ⊗ |0 E by |0 env . Suppose that we send |ϕ ∈ Q and the recovered state is M −1 Tr Henv (|ψ ′ ψ ′ |)(M −1 ) * as in Section 2.2.
We shall consider the average of F (|ϕ , M −1 Tr Henv (|ψ ′ ψ ′ |)(M −1 ) * ) for an arbitrary fixed state |ϕ ∈ Q under the assumption that the channel is memoryless. The superoperator of the channel is Γ ⊗n . Let Z 2 = {0, 1} with the addition and the multiplication taken modulo 2. For a = (a 1 , . . . , a n ) ∈ Z n 2 , we define
Then a unitary representation of Γ ⊗n can be written as
where L a b = L a1,b1 ⊗ · · · ⊗ L an,bn .
Let |ψ be as in Section 2.2. By notations defined so far, |ψ can be written as
Let Q ′ be an eigenspace of S. We shall consider the probability P Q ′ of |ψ being projected to Q ′ ⊗ H env after the measurement. Let ( a Q ′ , b Q ′ ) be the pair of vectors such that X( a Q ′ )Z( b Q ′ )Q = Q ′ and that X( a Q ′ )Z( b Q ′ ) is an operator whose weight is minimum among operators M such that
Next we shall calculate a lower bound for the fidelity between |ϕ and the recovered state
Observe that taking partial trace over H env and applying M −1 to |σ Q ′ and |σ Q ′ + σ ′ Q ′ yields the original state |ϕ and the recovered state M −1 Tr Henv (|ψ ′ ψ ′ |)(M −1 ) * , respectively. The fidelity between |ϕ and M −1 Tr Henv (|ψ ′ ψ ′ |)(M −1 ) * is not less than that between |σ Q ′ and |σ Q ′ +σ ′ Q ′ , because the fidelity does not decrease by unitary operation and partial trace [5] . We shall calculate a lower bound for the fidelity F Q ′ between |σ Q ′ and
We shall calculate a lower bound for the average of 1−F Q ′ , where the average is taken over the measurement outcome. The following fact will be used. For a pair of vectors ( a, b), w( a, b) denotes w(X( a)Z( b)). Proposition 3
Proof. The assertion follows from Proposition 1. In the following calculation Q ′ runs through the set of eigenspaces of S. 
where the last equality follows from the fact that there are n i 3 i pairs of vectors ( c, d) of weight i.
Remark 4
The memoryless assumption is used only in Eq. (4). We can calculate a lower bound for the average of the fidelity over an arbitrary channel as Eq. (3) Remark 5 The entanglement fidelity introduced in [7, 9] should also be considered in some applications, and we can estimate the entanglement fidelity from the fidelity by their relation [7, Theorem V.3].
Example 6 By [2, Table III ] it is known that there exists a [[25, 5, 7] ] code. We assume that there exists a pure [[25, 5, 7] ] code, and take it as an example. Then we have d = d ′ and t = 3. At p = 0.01, the value of Eq. (5) is 0.0117, and at p = 0.001 the value of Eq. (5) is 0.104 × 10 −5 .
